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We calculate the energy level displacement of the excited np state of kaonic deuterium in terms of 
the P-wave scattering length of K~d scattering. We solve the Faddeev equations for the amplitude 
of K~d scattering in the fixed centre approximation and derive the complex P-wave scattering 
length of K~d scattering in terms of the S-wave and P-wave scattering lengths of KN scattering. 
The estimated uncertainty of the complex P-wave scattering length is of about 15 %. For the 
calculated width — 10.203 meV of the excited 2p state of kaonic deuterium we evaluate the 
yield Yj^-^ — 0.27% of X-rays for the Kc, emission line of kaonic deuterium. Using the complex 
S-wave and P-wave scattering lengths of KN scattering, calculated in 0, [l3], we get the width 
Tip = 2.675 meV of the excited 2p state and the yield Yj^-^ = 1.90 % of X-rays for the Ka emission 
line of kaonic deuterium. The results, obtained in this paper, can be used for the planning of 
experiments on the measurements of the energy level displacement of the ground state of kaonic 
deuterium, caused by strong low-energy interactions. 
PACS; 36.10.Gv, 13.75.Jz, ll.80.Gw, ll.80.Jy 



1. Introduction 

The consistent analysis of the complex S-wave scattering length a^-^ of K~d scattering has been carried out 



in [l| by means of the solution of the Faddeev equations in the fixed centre approximation. The complex S-wave 
scattering length a^-^ of K 
KN scattering [l[ as follows 



scattering length a^-^ of K d scattering has been expressed in terms of the complex S-wave scattering lengths of 
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where ^dir) is the wave function of the deuteron in the ground state [Ij. The complex function ^^-^C?") is defined 
by = Ap'\''') + ■A-n\r)- The functions A^\r) and An\r) are the solutions of the Faddeev equations in the 

fixed centre approximation. They are equal to [l[ 
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where the complex S-wave scattering lengths of KN scattering Op"'' , dn^ , d^x^ and a?/"' are defined by [H 
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According to [ij, the Faddeev equations for the complex S-wave scattering length of K d scattering length take the 
form 

j,x(o) ^ ^.(0) _^ tO(o)g^j,x(o) ^ i-(o)Gorf ). (4) 

As has been pointed out in [l|, these equations describe pure elastic and charge-exchange processes and require 
as input only the amplitudes and propagators, where Go is the free kaon propagator and t^'' and tn"^ are the T- 
matrices for K^p and K^n clastic scattering, respectively, and tn^°'' is the T-matrix of K'^n scattering K'^n — > K'^n. 
For the proton partition Tp^'' there is also a contribution from the charge- exchange channel K^p — > K^n with the 
elementary T-matrices Tp^^'^ and Tn^^\ describing K'^nn — >■ K~pn transition including the multiple rescattering in the 
intermediate inelastic states. In the approximation, proposed in tp^^"^ = tn^^'^ and, correspondingly, T^'-^-' = Tp''^\ 

In this paper following the technique, developed in we derive the Faddeev equations for the P-wave amplitude 
of d scattering. We solve these equations in the fixed centre approximation and calculate the complex P-wave 
scattering length of K~d scattering. We express the energy level displacement of the excited np state of kaonic 
deuterium in terms of the complex P-wave scattering length of if "d scattering. 

The paper is organised as follows. In section 2 we derive the Faddeev equations for the P-wavc amplitude of 
K~d scattering. Solving the Faddeev equations in the fixed centre approximation we obtain the complex P-wave 
scattering length of K~d scattering in terms of the complex S-wave and P-wave scattering lengths of KN scattering. 
The numerical values of the complex S-wave and P-wave scattering lengths of KN scattering are given in section 
3. The calculation of the complex S-wave and P-wave scattering lengths of KN scattering is carried out within 
the SU (3) coupled-channel approach and chiral Lagrangians with derivative meson-baryon couplings invariant under 
chiral SU{2>) x SU{i) symmetry. In section 4 we calculate the numerical values of the complex S-wave and P-wave 
scattering lengths of K^d scattering and the energy level displacement of the kaonic deuterium in the excited np 
state, caused by strong low-energy interactions. We give the numerical values for the S-wave and P-wave scattering 
lengths of K~d scattering and the energy level displacements of the ground Is state and the excited 2p state of 
kaonic deuterium. The complex S-wave scattering length of K~d scattering is in reasonable agreement with the 
results, obtained in In section 5 using our prediction for the width T2p = 10.203 meV of the excited 2p state 
of kaonic deuterium and the quantum-classical Monte Carlo cascade model, developed in , we calculate the yield 
Yi^-^ = 0.27% of X-rays for the Ka emission line of kaonic deuterium. In Conclusion we discuss the obtained results 
and the estimate of an uncertainty of our solution for the complex P-wave scattering length of K~ d scattering, which 
is of about 15%. We calculate the complex S-wave and P-wavc scattering lengths of K^d scattering and the energy 
level displacements of the ground Is and excited 2p state of kaonic deuterium for the complex S-wave and P-wave 
scattering lengths, obtained in 0, 17 1. We get the following values for the width T2p = 2.675 meV of the excited 



2p state and the yield = 1-90% of X-rays for the K^ emission line of kaonic deuterium. In Appendix A we 

give a detailed calculation of the contributions of the single {impulse) and double scattering to the complex P-wave 
scattering length of K^d scattering. In Appendix B wc outline the calculation of the complex S-wave and P-wave 
scattering lengths of KN scattering. 



2. Faddeev equations for P-wave amplitude of K d scattering and P-wave scattering length of K d 

scattering in the fixed centre approximation 

For the P-wave scattering T-matriccs we use the index (1). This defines t^p\ t^n\ fn^\ tT\ T^^\ T^^^ and T^^^\ 
respectively. In this notation the Faddeev equations for the P-wave amplitude of K~d scattering read 

T(i) = tW+e)GoT(")+iWGoT(i), 

r„-(i) = t-(i) + t°(i)Gor„-(°) + e'GoT^fi) + t^(i)Gor(°) + t^^^'GoTi^). (5) 

In the fixed centre approximation the Faddeev equations Eq. ([5]) reduce to the system of algebraical equations for the 
amplitudes rj'^ A^p\r), xi^^ ^ A'k\r) and Tn^'^ ^ An'^^\r) 
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A^\r) = aW + iaWii(°)(r) + ia(°)iiW(r), 

where a^p \ ai^^ and cSP are the complex P-wave scattering length of KN scattering, defined by analogy with a'p\ 
a'n'^ and ai°^ of Eq.Q. The P-wave scattering length of K~d scattering is equal 

where A''^_j^{r) — A^\r) + An\r). The amplitudes A^\r) and An\r) are the solutions of Eq.®. They are equal 
to 
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where Ap"-* (r) , A^''-' (r) and (r) are solutions of the Faddeev equations in the fixed centre approximation for the 
complex S-wave scattering length of K^d scattering Eq.® [J. 

Expanding the amplitudes A'^^r) and An\r) in powers of 1/r and keeping only the terms of order of 1/r one 
arrives at the complex P-wave scattering length of K^d scattering in the single and double scattering approximation 

a(^l, = ^^^^^(4^)+aW + i(^^^^^^^ /^|$.(r)P + ...). (9) 

This result is confirmed in Appendix A by a direct calculation in the effective low-energy quantum field theory. 



3. Complex S— wave and P— wave scattering lengths of KN scattering 

For the evaluation of the numerical value of the complex P-wave scattering length of K~d scattering and the 
energy level displacement of the excited np state of kaonic deuterium, we have to calculate the numerical values of 
the complex S-wave and P-wave scattering lengths of KN scattering. A detailed procedure of the calculation of the 
complex S-wave and P-wave scattering lengths is expounded in Appendix B. The numerical values of them are equal 
to 

a^lp(X-39) = - 0.680 + i 0.639 fm , = - 0.069 + i 0.179 fm^ 

"^"^ {K^n) = +0.980- i 0.543 fm , 5^1 = - 0.053 + i 0.176 fm^ 



a 



a^l„(ii:"n) = +0.300 + i 0.096 fm , = - 0.122 + i 0.355 fm^ 

a^o„(^"") = -0.680 + i 0.639 fm , = - 0.069 + i 0.179 fm^ (10) 

We have calculated the complex S-wave and P-wave scattering lengths of KN scattering within the SU{3) coupled- 
channel approach chiral dynamics with chiral SU{3) x SU{3) invariant low-energy meson-baryon interactions 
with derivative couplings ^-nd the account for the contributions of baryon resonances 18 1 and scalar meson 



resonances 0,[ll- The chiral Lagrangian of low-energy interactions of the ground-state baryon octet B{x) with octet 
of pseudoscalar mesons P{x) invariant under SU{3) x SU{3) chiral symmetry is Q 

C{x) = (B(x)(z7^5^ - mo)B(x)) + (B(.T)z7'^[s^(a;), - gA (1 - az5)(B(x)7^[p^(x), 

+aD {B{x)r{p,.{x),B{x)}) + ^bD{B{x){x+{x),B{x)}) +^bF{B{x)[x+{x),B{x)^ 
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-^di{B{x){p^{x),[p^{x),B{x)]}) + ^d2{B{x)[p^{x),[p>^{x),B{x)]])+^d3{B 



+ -d4{B{x){p^ix)p^{x))B{x)) + 



s^i^) = l[uHx),d^U{x)] , p^{x) ^l-{U^{x)d^U{x)} , x+{^)=2B„{U\x)MU\x) + U{x)MU{x)), (11) 

where B{x) = (A^, A",I],S) is the ground-state baryon octet 0, W^ix) g V2 «7^P(a;)/^V ^ p^-^,) ^ {'K,ri,K,K) and 
= 92.4 MeV are the octet of low-lying pseudoscalar mesons and the PCAC constant [l^l, (■ • ■) are the traces 

m 



over the SU{3) indices, gA = 1.275 ll|, |12|, an = 0.635 and mo is the baryon mass for current quark masses zero; 
M = diag(mu, mrf, ms) is a diagonal 3x3 matrix with current quark masses niq for q ~ u,d and s, respectively, 
and Bq = —{qq)/F^ , where (qq) is the quark condensate. The current quark masses and the quark condensate 
are defined at the normalisation scale ^ = 1 GeV [l3| • The ellipsis denotes the contributions of the derivative 



couplings of the A(1405) resonance, the baryon decuplet 10 = (A, S*,...) and other baryon resonances [18| with 



quantum numbers J ~ i . belonging to octets of SU{3)f symmetry [9|, with octet of pseudoscalar mesons and the 
ground-state baryon octet invariant under chiral SU{3) x SU{3) symmetry, and also chiral SU(3) x SU{3) invariant 
interactions of the ground-state baryon octet with the nonet of scalar meson resonances 0,01 (s'^e Appendix B). 
The parameters bo and bp define the mass-splitting of the ground-state baryons ms — m/^o = | b£){m\ — mj) and 
ms — = [bu + bp) {ni^ — m\). They are equal to bo = +0.051 fm and bp = — 0.158 fm. The parameter 5o 
determines the CTTrAr-term of ttN scattering 2(t^7v = — 't^J(2^o + + bp). It is equal to fog = —0.561 fm, calculated in 
terms of the experimental value cr^'^^^'' = 61 MeV [l3|, which agrees well with the theoretical one cr^'^-* = 60 MeV [lit . 
The amplitudes M of low-energy KN scattering are determined in the SU{i) coupled-channel approach by the matrix 
equation A/^^ = -^o~^ ~ where Mq are the amplitudes of KN scattering, calculated with the chiral Lagrangian 
Eq. ()14|) and other Lagrangians, adduced in Appendix B, in the tree-approximation Since we are interested in 
the scattering lengths we calculate the matrix elements of the diagonal matrix G, given by the meson-baryon loop 
diagrams, in the non-relativistic approximation within the dimensional regularisation. As a result the matrix elements 
are imaginary and proportional to k and for the S-wave and P-wave KN scattering, respectively, for kinematically 
opened channels, where fc is a momentum transfer. The complex S-wave scattering length of K~p scattering we set 
equal to the preliminary experimental value by the SIDDHARTA Collaboration [16| . In our approach the imaginary 
parts of the complex S-wave and P-wave scattering lengths of KN scattering are defined by the contributions of the 
A(1405) and E(1385) resonances. This agrees well with the analysis of low-energy KN interactions in the S-wave and 
P-wave states, carried out for the investigation of the properties of antikaon-nuclear quasibound states in [l7j . For the 
coupling constants dj [j = 1, 2, 3, 4), which are input parameters, we have got the following values: di = — 0.389 fm, 
d2 = — 0.709 fm, da = + 2.816 fm and c?4 = — 0.619 fm. As has been found the contribution of the scalar meson 
resonances is not essential for reasonable values of coupling constant of the interactions of scalar meson resonances 
with the ground-state baryons (see Appendix B). 



4. Energy level shift and width of excited np state of kaonic deuterium 

Following [l^ we define the shift and width of the energy level of the excited np state of kaonic deuterium, where n 
is the principal quantum number, in terms of the complex P-wave scattering length a^^_ j{K~ d) of K~d scattering. 
We get 



/ In/ rriK'md ^ * 
. TTiK + md 



r (^ 1 ^ / rriKrad ^(^^ 



where a = 1/137.036 is the fine-structure constant. 

Using the numerical values of the complex S~wave and P-wave scattering lengths, evaluated in section 3, we obtain 
the following numerical values of the S-wave and P-wave scattering lengths of K^d scattering 

d%l^ = - 1.273 + i 2.435 fm, 

a^^_^ = - 0.352 + i 0.432 fm^ (13) 
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They give the foUowing energy level displacements of the ground Is and excited 2p states of kaonic deuterium 

£1, = 0.766 keV , Ti, 2.933 keV, 

eap = 4.158 meV , Tap = 10.203 meV. (14) 

The numerical value of the complex S~wave scattering length of K^d scattering agrees reasonably well with the results, 
obtained in [ij. An uncertainty of the complex P-wave scattering length of K^d scattering, which is estimated as 
15 %, we discuss in the Conclusion. 



5. Yield of X— rays for Ka emission line of kaonic deuterium 



The results of the calculation of the yields of X-rays of the Ka emission lines for kaonic hydrogen and deuterium 
depend considerably on the values of the widths of the excited 2p state of kaonic atoms [3l ■ Using the calculation 
scheme based on the quantum-classical Monte Carlo cascade model, developed in Q, we obtain the following yields 
of the Ka emission lines 

Yk-p = 1.80%, Tip = 1.979meV, 

F^-rf = 0.27%, Tap = 10.203meV (15) 

for kaonic hydrogen and deuterium, respectively. 

Our result r2p = 1.979 meV for the width of the excited 2p state of kaonic hydrogen agrees well with ~ 2 meV, 
obtained in [l^l. The theoretical value Y^-p = 1-80 % is in good agreement with the experimental one Yj^-p — 1.5(5) % 
[iol ] . The theoretical value Yj^-^ — 0.27 % can be used for the planning experiments on the measurement of the energy 
level displacement of the ground Is state of kaonic deuterium. 



6. Conclusion 



We have investigated the properties of exotic atom - kaonic deuterium in the excited np state, where n is the principal 
quantum number, relative to strong low-energy interactions, described by chiral Lagrangians with derivative meson- 
baryon couplings invariant under chiral SU{3) x SU (3) symmetry. We have calculated the energy level shift and width 
of the excited np state in terms of the complex P-wave scattering length of K~d scattering. Since K~d scattering is 
a three-body into three-body reaction, the most appropriate tool for the investigation of the P-wave amplitude of 
K~d scattering is the Faddeev equations [l|. Following [ij, where the Faddeev equations for the S-wave amplitude of 
K~d scattering has been solved in the fixed centre approximation, we have calculated the Faddeev equations for the 
P-wave amplitude of low-energy K~d scattering in the fixed centre approximation. In such an approximation the 
complex S-wave and P-wave scattering lengths of K^d scattering are expressed in terms of the complex S-wave and 
P-wave scattering lengths of KN scattering. The calculation of the complex S-wave and P-wave scattering lengths 
of KN scattering is carried out within the SU (3) coupled-channel approach and chiral Lagrangians with derivative 
meson-baryon couplings invariant under chiral SU{3) x SU(3) symmetry. The complex S-wave scattering length of 
K~p scattering we have set equal to recent experimental value, measured by the SIDDHARTA Collaboration. 

We note that our result for the real part of the complex P-wave scattering length of K~p scattering, obtained 
in this paper, differs with a sign from that, calculated in [l8l |. Such a discrepancy is caused by different dynamics, 
which are used in [l3| and in the present paper. Indeed, for the calculation of the complex P-wave scattering 
length in the present paper we use chiral Lagrangians with derivative meson-baryon couplings, derived within non- 
linear realisation of chiral SU{i) x SU(3) symmetry which contain also additional interactions with the coupling 
constants dj for (j = 1,2,3,4) and for £ = 0, D, F [j]. In [l^ the calculation of the complex P-wave scattering 
length of K~p scattering has been carried out with chiral Lagrangians, derived within linear realisation of chiral 
SU{3) X SU{5) symmetry. These chiral Lagrangians do not contain also the interactions with the coupling constants 
dj for (j = 1, 2, 3, 4) and bi for £ ~ 0, D, F, which are specific for non-linear realisation of chiral symmetry and have 
no analogy within its linear realisation. Since the imaginary part of the complex P-wave scattering length is defined 
by the dominant contribution of the E(1385) resonance, the values of the imaginary parts, calculated in the present 



paper and in |18l ]. agree well. 



The numerical value of the complex S-wave scattering length of K d scattering Eq.(|13|) agrees reasonably well 
with the results obtained in [l[. We note that the complex S-wave scattering length of K~d scattering has been also 
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investigated within the effective field theory approach [21, 22|. In [2l| the solution of the Faddeev equations, obtained 



in the fixed centre approximation, for the complex S-wave scattering length has been confirmed within the effective 
field theory approach. In 22| the effective field theory approach has been applied to the calculation of the nucleon 
recoil corrections to the double scattering contribution to the complex S-wave scattering length of K~d scattering, 
obtained in the fixed centre approximation. As has been found in |22| , the nucleon recoil corrections make up of about 
(10-15)%. 

Now let us discuss an uncertainty of the proposed solution of the Faddeev equations for the complex P-wave 
scattering length of K~d scattering, obtained in the fixed centre approximation. As has been pointed out by Gal [ist - 
an uncertainty of the solution of the Faddeev equations for the complex S-wave scattering length of K~d scattering, 
calculated in the fixed centre approximation, is of about (10 — 25) %. Such an estimate has been deduced from the 
comparison of the solution, found in [ij, with other solutions of the Faddeev equations, applied to the calculation of 
the complex S-wave scattering length of K~d scattering [23]-[2^. Of course, the lack of the experimental data on the 
complex S-wave scattering length of K~d scattering docs not allow to understand a real uncertainty of theoretical 
schemes. 

Since the calculation of the complex P-wave scattering length of K~d scattering has not been yet carried out in 
literature, and our paper is the first attempt of this kind, we have no possibility to compare our solution with any 
others. Thus, for the estimate of the theoretical uncertainty of our solution of the Faddeev equations for the complex 
P-wave scattering length of K^d scattering we follow the results, obtained in As has been shown in the 
nucleon recoil correction to the double scattering contribution of the static solution of the Faddeev equations makes 
up of about 15 %. Since we neglect the nucleon recoil, one can accept 15 % as an uncertainty of our static solution of 
the Faddeev equations. 

Such an estimate of an uncertainty, applied to the total solution of the Faddeev equations in the fixed centre 
approximation, can be supported by a convergence of the expansion of our solution for the complex P-wave scattering 
length of K^d scattering in powers of l/r. As we have shown in Appendix A, the contribution of the single and 
double scattering a^-^^ = (a^^_^)s.sc. + (a^-£;)d.sc. = —0.262 +i 0.548 fm"^ dominates in the complex P-wave scattering 
length of K^d scattering. The account for the contribution of the triple scattering a^-^ = (a^^_^)s.sc. + (a^-^)d.sc. + 
(a^l.^)tr.sc. — —0.277 + i 0.525 fm^, obtained from the expansion of the exact solution of the Faddeev equations, 
corroborates only such a dominance. The contributions of higher multiple scattering are equal to Sd^j^L^ — —0.075 — 
i 0.072 fm'^. They make up of about 21% and 17% of the real and imaginary parts of the total complex P-wave 
scattering length, respectively. Of course, a proof of the convergence by means of the calculation of the contributions 
of higher n-multiple scattering for n > A, proportional to the higher powers of l/r^"~^\ averaged with the deuteron 
wave function |$d(?^)P as / d^x \^dir)\'^ /r^'^^^'' = (l/r^"^^)), stumbles against the problem of the regularisation and 
renormalisation of these averaged values The solution of this problem goes beyond the scope of this paper. We 
are planning to carry out this analysis in our forthcoming publication. We note that without truncation the evaluation 
of the complex P-wave scattering length Eq.®, caused by the multiple-scattering, does not suffer from divergences 
at r — )• 0. This agrees well with the results, obtained in [1|. 

Using the numerical value of the complex P-wave scattering length of K~d scattering Ea. ((T3|) we have calculated 
the width of the excited 2p state ~ 10.203 meV. This result plays an important role for the theoretical analysis 
of the yield Yj^-j of X-rays of the Ka emission line of kaonic deuterium. Using the quantum-classical Monte Carlo 
cascade model [Sj we have obtained Yfc-^i = 0.27% for the width T2p = 10.203 meV of the excited 2p state of kaonic 
deuterium, For the yield of X-rays of the Ka emission line of kaonic hydrogen we have got the value Yj^-p ~ 1.80 %, 
which agrees well with the experimental data Yj^-p = 1.5(5) % poj . 

Concluding this discussion we would like to note that the complex S-wave scattering length of elastic K^n scattering 
d^lP_^(K^n) = 0.300 + i 0.096 fm or the complex S-wave scattering length of KN scattering in the state with isospin 
/ = 1, i.e. a/=i = d^lp_^_^{K~n), calculated in our approach to KN scattering (see Appendix B) and given in Eg. ([T2|) . 

possesses a small imaginary part hxid^^L ^{K~n) = 0.096 fm. This does not contradict some estimates of the complex 
S-wave scattering length of KN scattering in the state with isospin / = 1, obtained in plj from the complex S-wave 
scattering length of K''d scattering. Nevertheless, the theoretical analysis of KN scattering, carried out in (3. [28j. 
shows that the imaginary part of the complex S-wave scattering length of elastic K~n scattering is commensurable 
with the imaginary part of the complex S-wave scattering length of clastic K~p scattering. As has been found in 
the complex S-wave scattering length of elastic K^n scattering is equal to cl-^_ ^{K~ n) = 0.49 + i 0.70 fm, which 

agrees well with the empirical result a!"^^^{K^n) = 0.37 + i0.60fm, obtained in [2^, and the theoretical estimates 
in [2^. Thus, for the completeness of our numerical predictions for the complex P-wave scattering length of K~d 
scattering we take into account the complex S-wave scattering lengths of KN scattering, calculated in |J| and the 
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complex P-wave scattering lengths of KN scattering, calculated in [l7|. We get 

a^l^ = - 1.951 + i 0.996 fm, 

h'-^l^ = - 0.174 + i 0.113 fm^ (16) 

The calculation is performed for af2o(i4:7V) = - 1.63+i 0.42 fm and 4°2i(^^^) ^ 0.49+i 0.70 fm Q anda^^ol^^) = 
and a\%{KN) = -0.114 + i 0.098 fm^ [I^. The energy level displacements of the ground Is and excited 2p states of 
kaonic deuterium, calculated in terms of the complex S-wave and P-wave scattering lengths Eq. (|16p . are equal to 



eu = 1.175keV , Fi^ = 1.200 keV, 

esp = 2.053 meV , = 2.675 meV. (17) 

In this case the yield of the X-rays of the Ka emission line for kaonic deuterium is 

Y^-d 1.90%, = 2.675 meV. (18) 

Our results for the yields of X-rays of the Ka emission line and the energy level displacements of kaonic deuterium 
in the ground Is state, calculated for the complex S-wave and P-wave scattering lengths of KN scattering, obtained 
in this paper and in [j, [itI [28| , can be used for the planning of experiments on the measurements of the energy level 
displacement of the ground Is state of kaonic deuterium. The results, obtained in this paper, can be also used by 
the SIDDHARTA Collaboration, measuring currently the energy level displacement of the ground Is state of kaonic 



deuterium [30|, |31 1 . 
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Appendix A: Complex P— wave scattering length of K d scattering. Single (impulse) and double scattering 

contributions 

In this Appendix we give a detailed calculation of the complex P-wave scattering length of K~d scattering, keeping 
the contributions of the single (impulse) and double scattering only. The P-wave amplitude M^^''{K~d — >■ K~d) of 
low-energy elastic K~d scattering relates to the complex P-wave scattering length a^l,^ as follows 

A-&\K-d^K-d) = 247r(m/^ +md)a^'_^(fc' • fc), (A-1) 

where k and k' are momenta of a relative motion of the K^d pair in the initial and final states. They are related 
by |fc I = \k'\. In turn, the P-wave amplitude M'^'^\K~ d — >■ K~d) is defined in terms of the matrix element of the 

T (i)-niatrix as 

(i^-d|T(i)|A'-d) = {2TT)^S^^\k'^ + k' ~ kd + k)M'^^\K-d^ K-d), (A-2) 

where (fc^, fc), (fc^, k') are 4-momenta of the deuteron and AT^-meson in the initial and final states, respectively. 
For the calculation of the matrix elements of the T~matrix we use the following effective Lagrangian 

Ant(x) = 4°,'(x)+4;,'(x), (A-3) 

where the effective Lagrangians C^^J^x) and C'l^l{x) define low-energy K~d interactions in the S-wave and P-wave 
states. They are given by 

4°)(x) = ATT[d'^^'>K'^x)K-{x)p{x)p{x)+a^^^K''\x)K-{x)n{x)p{x)] 
+ AT:[dl^'^K-''{x)K-{x)nix)nix) +a^^*^K-^x)K°{x)p{x)n{x)] 

+ 4^[a^(0)A'0t(x)if0(x)n(x)n(x)] (A-4) 
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and 

C^lix) = 127r[aW V K-^x) ■ ^ R- {x)p{x)p{x) + ai^'> y K°\x) ■ ^K-{x)n{x)p{x)] 

+ 127r[a(,i) V K-^x) ■ \7K-{x)n{x)n{x) + y K'^x) ■ \j K" {x)p{x)n{x)] 

+ Uiria'^^^^ \7 K"Hx) ■ \7K"{x)n{x)n{x)]. (A-5) 

The S-wavc and P-wavc scattering lengths are determined as shown in Eq.(j3l). The matrix elements of these La- 
grangians define the S-wave and P-wave amplitudes of low-energy KN scattering, expressed in terms of the S-wave 
and P-wave scattering lengths. 

Using the effective Lagrangian Eq. (jA-4[) one reproduces the solution of the Faddeev equations in the fixed centre 
approximation for the complex S-wave scattering length of K~d scattering, given by Eq.Q and obtained for the first 
time in 

For the calculation of the contributions of the single and double scattering to the complex P-wave scattering 
length of K~d scattering we will use both Lagrangians Eq. (jA-4[) and Eq. ()A-5[) . The T'^^^-matrix for low-energy K~d 
scattering, describing the contributions of the single and double scattering, is defined by 

T(i) = / d^xC\^l{x)+^ I d4xid^X2T(4°,)(xi)£W(x2)) + ..., (A-6) 



where T is the time-ordering operator and the ellipsis denotes the triple scattering contributions and so on. The 
P-wave amplitude of low-energy K~d scattering, caused by the single and double scattering, is 

M^^\K~d R-d) = M^^\K~d ^ K-d)s.sc. + M^^\K-d K'd)d.sc., (A-7) 

where M'^^\K^d ^ K~d)s.sc. and Al'-^^R-d ^ A'-d)d.sc. are the amplitudes of the single and double scattering, 
respectively. They are given by 

M<^^\K-d^ K-dU,, = {K-d\cl"J{0)\K-d), 

M^^\K-d^K-d)^,,,, = I [ d^x{K-d\T{C^{x)C^{mK-d). (A-8) 



For the calculation of the matrix element {K d\T^^^\K d) we use the following the wave functions of the initial and 
final states 

\K-d) - 4_(fc)|d(-fc,A)), 

{K-d\ = {d{-k',X)\cK-{k'), (A-9) 

where k and k' are the relative momenta of the K^d pairs in the initial and final states, respectively, c^_(fc) and 
Cfc-{k') are operators of creation and annihilation of the if~-mesons with 3-momenta k and fc', respectively. They 
obey standard relativistic covariant commutation relations (sij . The wave function of the deuteron \d{—k, A)) is taken 
in the momentum and particle number representation. It reads 32 

M(-fc'^)) = ^fef^ / ^ii=^£^<5(3)(fc + 4 + 4)^.(^^)at(4,a>t(4,^„)|0), (A-10) 
^^^^ J ^2EN{kp)^j2EN{K) 

where Ed{k), Effikp) and EN{k) are the total energies of the deuteron, proton and neutron, respectively, ^diq) is 
the wave function of the ground state of the deuteron in the momentum representation, ajj{kp,ap) and al^{kn, (Jn) 
are the operators of creation of the proton and the neutron with 3-momenta kp and A:„ and polarisations Oj, = ±^ 
and (T.,i = ±i, respectively, and they obey standard relativistic covariant anti-commutation relations j32| . A ~ 
fp -I- an is the polarisation of the deuteron, and |0) is the vacuum wave function. For the deuteron polarisation 
states with A = ±1 and A = the product aj(fcp, (Tp)aJ((fcn, cr„) should be replaced by aj(fcp, ±i)ajj(/c„, ±i) and 
■^{alikp, ap)al{kn, -ap) + a1,(-fcp, CTp)at (fc„, CTp)), respectively 
The P-wave amplitude of the single K^d scattering is equal to 



M^'HK-d^K-d)s.sc. = {K-d\cf2mK-d) = 247rm4aW +aW)(fc' • k) J ^ $2(9 + i fc')|.,(<f+ i fc 

(A-11) 
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The momentum integral defines the form factor Fd{Q) of the deuteron [l[ 

/ = / d'^\^<ii^)\'^'^' = UQ). (A-12) 

where Q = {k' — k) is the momentum transfer. Since the form factor of the deuteron is normahsed to unity at 
Q = [H, the complex P-wave scattering length, calculated in the single scattering approximation, is equal to 

(a^^-Js.sc. = (4'' +aii)) = -0.231 + z 0.645 fm3, (A-13) 

where we have used the numerical values of the P-wave scattering lengths of K~p and K~n scattering, adduced in 
Eq.dini). 

The amplitude M^^\K^ d K^d)^,sc. of the double scattering is defined by the matrix element 
M(i)(/i-d^ A'-d)d.sc. J d''x{K-d\T{Cl^^l{x)Clll{0)\K-d) = 

^x{K-d\\^d^°'>ai^^[p{x)p{x)]T(^K-\x)K-{x)WK-\0) -WK-ioij [n(0)n(0)] 
+dl°^dl^'>[n{x)n{x)]T(K-^{x)K-{x)WK-\0) ■ VA'-(O)) [p(0)p(0)] 



+a^^^di^\pix)n{x)]T(^K-\x)K'>{x)yK"\0) ■ V/i "(0)) [n(0)p(0)] 
+ai°)al'^[n(x)p(x)]T(7^ot(a;)i^-(^)VA-t(o) . VA-"(0)) [p(0)n(0)]}|i^-d) (A-14) 

Having calculated the matrix element between the AT" -meson states, we arrive at the expression 

M^'\K-d^K-d)^.,,. = 487r^ J d^xj 40)41) (d| [p(x)p(x)] [n(0)n(0)] |d) ( J ^ ! ^2'^',^ 

(i-n ^ — /^2 



(°)aW(d|[n(x)r.(x)][p(OMO)]|d)( / --^ 



+d^°->ai'\dMx)p{x)][p{0)nm\d) f A (fc--g)e+'(^-'-)" \ (^_^j3) 

The matrix elements of the products of the nucleon field operators between the deuteron states, calculated in the 
non-relativistic approximation, are equal to 

{d\[p{x)p{x)][n{Q)nm\d) = (d|[n(x)n(x)][p(0)p(0)]M) = -(d|[p(x)n(x)][n(0)p(0)]M) = = 



2md 



Substituting Ea. (|A-16|) into Ea. (|A-15p and integrating over time we transcribe the r.h.s of Eq. (|A-15|) into the form 
A „ (k^q)e+^i^-^ f d^q (fc^^gOe^^f^X ^ 



^2^^3.,yu m\-q^-iO ' J {2nf ' mj, ^ q^ - lO 

where we have neglected the contributions of the kinetic energies of the Ar~-mesons with respect to their masses in 
the initial and final states. Having integrated over go we obtain the r.h.s. of Eq. (jA-17p in the following form 



M^^\K-d ^ A'-d)d.sc. = 967r2md / d^x )P (a<,°)4') + 4°)a(,i) - d^^'^a^^' 
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^, -«i(fc'+fe).r f d?q {k-q) f <fq (fc' ■ g ) 

' ' (2^)3 q^ ^ J (2^)3 p 



where we have made a change of variables — r in the second term and have used that = l*!'d(^)P- 

Expending the exponential e "^IC*-' +^ ) in powers of i(fc' + fc ) - r, we obtain the contribution of the double scattering 
to P-wave amplitude of K~d scattering in the form 

M(i)(A-rf ^ A'-d)d..c. = 247rm, 1 (^o)^!) + a^aW - afai^)) (fc' • fc) 1 ^ |$,(f )p, (A-19) 

where we have omitted the terms proportional to |fc'p and which have no relation to K^d scattering in the 

P-wave state. The terms may contribute to the S-wave amplitude of K^d scattering, defining the effective range of 
K~d scattering in the S-wave state, but vanish in the complex S-wave scattering length of K~d scattering, calculated 
at fc, k' — >■ 0. 

The contribution of the double scattering to the complex P-wave scattering length of K^d scattering is 

(«^^->sc. = ^^^^^i(4°)aW+4°^aW J ^^|$,(f)P = _o.031-^0.097fm^ (A-20) 

where we have used the numerical values of the S-wave and P-wave scattering lengths of KN scattering, adduced in 
Ea. ([T5|) . Thus, the complex P-wave scattering length of K~d scattering, defined by the contributions of the single 
and double scattering, is equal to 

~(i) _ md 



^ (4i)+aW + i(af4^)+a(°)aW-4°^a«)/^^|^ (A-21) 
rriK + md V 3 ^ J r / 

The contribution of the triple scattering we obtain by using the exact solution. It reads 

(a^l Jt..sc. = ^^^^^ ^ [4^) (74")a(°^ + (4°')^ - (aT^r) + 4^' (7(4°'a(°) - (4"))^) + (a(°) + dT) 

-2a(°)ai°)) + ai?)a(°) [d^ ~ 4°)) + dT\^^f\ f ^ \Mr)\' = 0.015 - z 0.023 fm^ (A-22) 



The complex P-wave scattering length of K d scattering, accounting for the contributions of the single, double and 
triple scattering, is equal to a^)_^ = (a^4)s sc. + (a^4)d-sc. + (o^-(i)tr.sc. = —0.277 + i 0.525 fm3. The discrepancy 
of this value with the complex P-wave scattering length, defined by the solution of the Faddeev equations Eq.®, 
is <5a^4 = —0.075 — i 0.072 fm3. It makes up of about 21% and 17% of the real and imaginary parts of the total 
complex P-wave scattering length, respectively. 



Appendix B: Complex S— wave and P— wave scattering length of KN scattering 

In this Appendix we outline our procedure for the calculation of the complex S-wave and P-wave scattering 
lengths of KN scattering. Following the amplitude Mq{KN PB) for the KN PB reaction, where P is a 
pseudoscalar meson and _B is a ground-state baryon, we calculate in the tree-approximation. For this aim we use the 
chiral Lagrangian Eq. p^ and the chiral Lagrangians 

A„t[A*(x),B(a;),P(x)] - gp,, K* {x)^^^-i^p^{x)B{x)) , 

C,^t[Bj{x),B{x),P{x)] = {B,{x)ir[s^{x),B{x)]) - gA, (1 - ao,) {B,{x)r[p^{x),B{x)]) 

- gA,aD,{B,{x)^^{p^{x),B{x)}), (B-1) 

describing the low-energy interactions invariant under chiral SU{3) x S'[/(3) symmetry of the A(1405) resonance, 
defined by the field operator A*(x), and the baryon resonances Bj{8), defined by the field operators Bj{x) for j = 1,2 



18|, with the ground-state baryon octet B{x) and the octet P{x) of pseudoscalar mesons. 
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In addition we take into account the interactions, invariant under chiral SU{3) x SU{3) symmetry, of the A(1232) 
resonance and E(1385) resonance, defined by the field operators D'^'''^{x), with the ground-state baryon octet B{x) 
and the octet P{x) of pseudoscalar mesons. They are defined by the chiral Lagrangian 



£int[D{x),B{x),P{x)] = 



/2g^Dl''^{x)e^''jHpA^))iBt{x)e,,, 



h.c. 



(B-2) 



where the tensor Q'^'^ is given in [33[: 0'^'^ = g'^'^ — {Z + 1/2)7^7'', where the parameter Z is arbitrary. There is no 
consensus on the exact value of Z. From theoretical point of view Z ~ 1/2 is preferred [s^. Phenomenological studies 
give only the bound \Z\ < 1/2 [34, 35|. For the components of the decuplct Dabc{x) we use the following definition 



-Diii(x) 
^113(2:) 
^133(2:) 



A++(.t), i^n2(x) = -i= A+(a;), D^x) = AO(x-), D222{x) = A-(x), 
-i=S]*+(x), D,2:i{x) = i=E*0(x), ^^223(2;) = 
-i=S*°(a;), D2az{x)^^E*~{x), 



D333{x) - n-{x). 



(B-3) 



According to 0, baryon resonances Si (8) = (iV(1440), A(1600), 2(1660)) and ^2(8) = (A^(1710), A(1810), £(1880)) 
belong to octets of SU{3)f symmetry [9| with the coupling constants qa, = 0.62, = 0.85 and gA^ = 0.12, 
= — 1-55. The experimental value of is g^'' ^ (l-H ± 0.04) gA H^, where gA = 1.2750 [lll[l3l- The coupling 
constant of the A(1405) resonance we take equal to (/a* = 0.504. It defines the width Fa. = 40 MeV, which fits well the 
imaginary part of the complex S-wave scattering length of K~p scattering, measured recently by the SIDDHARTA 
Collaboration. 

The scalar resonances /o(980) and ao(980) with quantum numbers I{J^) = 0(0+) and I{J^) = 1(0"'") H, re- 
spectively, give contributions to the ^-channels of elastic and inelastic KN scattering. According to Jaffe [7|, the 
scalar mesons /o(980) and ao(980) are four-quark states (or KK molecule), which belong to an 5'C/(3)flavour nonet. 
According Ecker et al. [1], the interaction of the scalar meson resonances with octets of pseudoscalar mesons with 
derivative couplings invariant under chiral SU{^) x SU{3) symmetry takes the form 



Csix) = 2V2gstr{S{x)df,U^d''U{x)}. 



(B-4) 



Here S{x) is a nonet of scalar qqqq mesons, defined by 



S. 



^/2 



V 



4 



a5_ _ £ 
1^0 



fo g 
V2^2j 



(B-5) 



where gs is a phenomenological coupling constant. The components of the nonet Ea. (|B-5[) have the following quark 
structures: oq = (a^ ,aQ,aQ) = {ssud,ss{uu — dd)/V2,duss) is the isotriplet of ao(980) mesons, n ~ (k+,k°) = 
{usdd,dsuu) and K = (k°,— k~) = {sduu, —sudd) are doublets of strange scalar four-quark states, fo = ss{uu—dd)/^/2 
is the /o(980) meson and e is the isoscalar scalar £(700) meson with quark structure e = uddu and mass me = 700 MeV 
0. The nonet S{x) is constructed in such a way that the /o(980) meson decouples from the tttt states, whereas the 
e(700) meson couples to the tttt states but decouples from the KK states 0. This implies that the £(700) meson does 
not contribute to the amplitude of K~p scattering. The value of the coupling constant gs one can define from the 
experimental values of the width of the oottt? decay F°^p = (50^100) MeV and the k ^ JsTtt decay F^^ = (290±21) MeV, 
if we identify the scalar meson resonance k with the scalar meson A'q(1430) having mass Wifj = (1414 ± 6) MeV 
Q. We get gs = 28 MeV that gives the width of the ao'nr] decay equal to F^,, = 59 MeV. This agrees well with the 
experimental data F°7 = (50 100) MeV 0. 

The interaction of the scalar meson resonances 5'(a;) with ground-state baryon octets we define as 



Csbb{x) = go Xt{B{x){B{x), S{x)\} + gp Xt{B{x)\B{x),S{x)W, 



(B-6) 



where gu and gp are the phenomenological coupling constants of the symmetric and antisymmetric SBB interactions. 
The coupling constant gp should be set zero gp = 0, since the £(700) meson docs not couple to the NN pair 0. 
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The amplitude of the KN PB reaction, calculated in the tree-approximation with the Lagrangians Eq. ([T4)) . 
Eq.dHT]), Eq.jEl, Eq. ((B^ . Eq.dl^) and Eq. p^ . takes the form 

Mo{KN PB) = K&\KN PB) + M^^\KN PB) + m'-^'^\KN PB) + Mi"}{KN PB) 
+^7P-i+(^'^ ^ PB) + m[''J_,+ {KN PB) + A&l_,_^{KN PB) + m\''J_,^{KN PB) 

where the first two amplitudes are defined by the interactions with the coupling constants dj for j = 1,2,3,4 and 
be for i = 0,D,F, respectively, the third amplitude is caused by the Weinberg-Tomozawa interactions, the other 
amplitudes are defined by the exchange of the A(1405) resonance, the ground-state baryons, the baryon resonances 
Bj{8) for j = 1,2, the I](1385) and A(1232) resonances and the scalar meson resonances, respectively, in the s-, u- 
and i-channels. 

Expanding the amplitudes Eq. (jB-6|) in powers of relative momenta k and k' and keeping only the terms independent 
of relative momenta and proportional to the scalar product k' ■ k we define the contributions to the complex S-wave 
and P-wave scattering lengths of KN scattering. Using the matrix equation M^^ = M^^ — G we obtain the 
unitarised amplitudes of the reactions KN — > PB in terms of the complex S-wave scattering lengths of all scattering 
channels KN — >■ PB for PB ~ KN and ttY, where F = S, A° hyperons. The input parameters of the approach 
dj for j = 1,2,3,4 and go are fitted from the experimental data on the complex S-wave scattering length of the 
SIDDHARTA Collaboration, the ratios of the cross sections of inelastic K~p scattering in the S-wave state, measured 



at threshold of the K^p nY reactions [37|, |38|, and the experimental cross sections of elastic and inelastic K~p 
scattering [1^- 43 1. The cross sections for elastic and inelastic K~p scattering are calculated at the account for the 
pure Coulomb scattering and the Coulomb interactions for the pairs of charged particles in the initial and final states. 
As a result of this fit we get the following numerical values of the input parameters di = — 0.389 fm, d2 ^ — 0.709 fm, 
da = + 2.816 fm and d4 = — 0.619 fm. As has been found, the contribution of the scalar meson resonances is not 
essential for reasonable values of the coupling constant go ■ The calculated complex S-wave scattering lengths of KN 
scattering describe reasonably well the experimental data on elastic and inelastic K~p scattering in the low-energy 



region [39|-|43| not far above the threshold of the production of the K'^n pair, which is equal to fco ~ 58MeV in 
the centre of mass frame. Using the numerical values of the input parameters di = — 0.389 fm, ^2 = — 0.709 fm, 
^3 = + 2.816 fm and ^4 = — 0.619 fm we evaluate the complex S-wave scattering lengths and, correspondingly, the 
complex P-wave scattering lengths of KN scattering. The imaginary parts of the S-wave and P-wave scattering 
lengths are defined by the dominant contributions of the A(1405) and E(1385) resonances, that agrees well with the 
analysis of low-energy KN interactions in the S-wave and P-wave states, applied to the problem of antikaon-nuclear 
quasibound states [l7[. 
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